A Roman dominating function (or just RDF) on a graph G = (V, E) is a function f : V −→ {0, 1, 2} satisfying the condition that every vertex u for which f (u) = 0 is adjacent to at least one vertex v for which f (v) = 2. The weight of an RDF f is the value 
Introduction
For notation and graph theory terminology in general we follow [5] . Let G = (V, E) be a simple graph of order n. For a graph G, let f : V (G) → {0, 1, 2} be a function, and let (V 0 , V 1 , V 2 ) be the ordered partition of V (G) induced by f , where
There is a 1 − 1 correspondence between the functions f : V (G) → {0, 1, 2} and the ordered partitions
is a Roman dominating function (or just RDF) if every vertex u for which f (u) = 0 is adjacent to at least one vertex v for which
For references in Roman domination see for example [1, 2, 3, 9] .
The affection of vertex removal on Roman domination number in a graph has been studied in [4] . Jafari Rad and Volkmann [6] introduced the concept of Roman domination stable graphs. A graph G is Roman domination stable if γ R (G − v) = γ R (G) for all v ∈ V (G). Let R U V R be the class of all Roman domination stable graphs. Samodivkin [10] studied properties of Roman domination stable graphs.
Theorem 1 (Samodivkin [10] ). Let G ∈ R U V R be a connected graph of order n. Then γ R (G) ≤ Problem 2 (Samodivkin [10] ). Find an attainable constant upper bound for
In this paper we present upper bounds for the Roman domination number in the class of Roman domination stable graphs. First we characterize Roman domination stable graphs G with δ(G) = 2 that achieve the upper bound of Theorem 1 as the cycles of order divisible by 3. Next, we consider the Roman domination stable graphs G with δ(G) ≥ 3. In particular, we improve Theorem 1 for claw-free Roman domination stable graphs. Finally, we present several upper bounds for the Roman domination number in Roman domination stable graphs, 862 M. Hajian and N. Jafari Rad
, and G 2 ∈ R U V R . Proceeding this process, if necessary, we obtain a graph
and there is no pair of adjacent vertices
. A maximal special P k -path is a special P k -path that cannot be extended to a special P k+1 -path. Clearly, C has no maximal P 1 -path. Assume that C has a maximal special P k -path with k ≥ 4. Let v 1 , v 2 , v 3 , v 4 be four consecutive vertices of this maximal special P k -path. Then deg H (v 2 ) ≥ 3 and deg H (v 3 ) ≥ 3, a contradiction. Thus C has no maximal special P k -path with k ≥ 4. We consider the following cases. Case 1. C has no maximal special P 3 -path. Since V f 2 is an efficient dominating set of G, and thus an efficient dominating set of H, we conclude that V f 2 ∩ V (C) is an efficient dominating set of C. Thus |V (C)| = 3t, for some integer t ≥ 1. Without loss of generality, assume that V (C) = {v 0 , v 1 , . . . , v 3t−1 }, where v i is adjacent to v i+1 for i = 0, 1, 2, . . . , 3t − 2, and v 0 is adjacent to v 3t−1 . We may assume that V
Case 2. C has some maximal special P 3 -path. Let j ≥ 1 be the number of special P 3 -paths in C, and x i y i z i (i = 1, 2, . . . , j) be the maximal special P 3 -paths in C, where there is no maximal special P 3 -path on C between z i and
and
On the Roman Domination Stable Graphs
On the other hand, any vertex on V (C) ∩ V f 0 lying between z i and x i+1 , if any, belongs to some maximal special P 2 -path. Note that it is possible that there are no vertices on V (C) ∩ V f 0 lying between z i and x i+1 when z i and x i+1 have a common neighbor in V f 2 . Since V f 2 ∩ V (C) is independent, for each i, the path on C starting at z ′ i and ending at x ′ i+1 has 3k i + 1 vertices for some integer
be the path on C starting at z ′ i and ending at x ′ i+1 , where
It is straightforward to see that if D = ∅ then g is an RDF for G of weight less than γ R (G), and if
We conclude that ∆(G) = 2, and thus G is a cycle. Consequently, G is a cycle of order 3k for some integer k. The converse is obvious.
Proposition 2 demonstrates that a graph G ∈ R U V R with ∆(G) > 2 should have the Roman domination number less than 2n 3 .
3 . This bound is sharp.
Proof. Let G ∈ R U V R be a connected graph of order n with δ(G) ≥ 2. Let f = (V 0 , V 1 , V 2 ) be a γ R (G)-function. Clearly, each vertex of V 2 has at least two private neighbors in V 0 . If each vertex of V 2 has degree two, then by Theorem 1, γ R (G) = 2n 3 , a contradiction. Thus there is a vertex x ∈ V 2 with deg(x) ≥ 3. Then
. To see the sharpness consider the graph K 4 − e, where e ∈ E(K 4 ).
Minimum Degree at Least Three
We begin with the following lemma.
In the following we present a sharp upper bound for the Roman domination number of a claw-free graph G ∈ R U V R .
7 . This bound is sharp.
Proof. Let G ∈ R U V R be a claw-free graph of order n with δ(G) ≥ 3. Clearly, any γ R (G)-function satisfies Proposition 3.
such that one of the following holds:
Corollary 12. If G ∈ R U V R is a cubic graph of order n, then γ R (G) ≤ 3n 5 , and this bound is sharp.
We next improve Theorem 11 for C 5 -free graphs G with δ(G) = 3 and ∆(G) ≥ 4.
Theorem 13. If G ∈ R U V R is a C 5 -free graph of order n with δ(G) = 3 and
Proof. Let G ∈ R U V R be a C 5 -free of order n with δ(G) = 3 and ∆(G) ≥ 4. Let
be a γ R (G)-function satisfying Proposition 3. Let A, B, Z 0 and Z 1 be defined as in the proof of Theorem 10. By Theorem 11,
. Then each of the inequalities in the proof of Theorem 11 will be equality. From (5) and (6) we find that B = ∅, and from (1) 
since ∆(G) ≥ 4. This is a contradiction. Thus assume that H has some component isomorphic to C 4 or C 8 . Let H has r 1 components isomorphic to C 4 and r 2 components isomorphic to
. Let H ′′ be the union of C 4 -components and C 8 -components of H, and H ′ = H − H ′′ . (Thus H ′ is obtained from H by removing each C 4 -component and also each
. Let g be a γ R (H ′ )-function, and g 1 be a γ R (H ′′ )-function with V . Thus γ R (G) ≤ Since any planar graph has a vertex of degree at most five, we obtain the following.
Corollary 15. If G ∈ R U V R is planar graph of order n with δ(G) ≥ 4 and ∆(G) ≥ 10, then γ R (G) ≤ 
Concluding Remarks
Samodivkin [10] gave a constructive characterization for all trees in R U V R . He constructed a family T of trees and proved that for a tree T , T ∈ R U V R if and only if T ∈ T . Assume that G ∈ R U V R is a graph with δ(G) = 1 and γ R (G) = If ∆(G) > 2 then by the argument given in the proof of Theorem 7, we obtain a forest F ∈ R U V R with γ R (F ) = 2n 3 . Thus each component of F belongs to T . We propose the following problem.
Problem 16. Characterize all graphs G ∈ R U V R with γ R (G) = It can be seen that for any graph G, H = G • K 2 ∈ R U V R , and note that γ R (H) = 2|V (H)| 3 and δ(H) = 1. We also remark that we do not know the sharpness of bounds of Theorems 13 and 14, and thus we propose the problem of showing the sharpness of them or improving them.
